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Abstract. Smarandache [48] introduced the concept of hypersoft set which is a generalization of soft set. This 
notion is more adaptable than soft set and more suited to challenges involving decision-making. Consequently, 
topology defined on the collection of hypersoft sets will be in great importance. In this paper, we introduce 
hypersoft topological spaces which are defined over an initial universe with a fixed set of parameters. The 
notions of hypersoft open sets, hypersoft closed sets, hypersoft neighborhood, hypersoft limit point, and hyper- 
soft subspace are introduced and their basic properties are investigated. Finally, we introduce the concepts of 
hypersoft closure, hypersoft interior, hypersoft exterior, and hypersoft boundary and the relationship between 


them are discussed. 
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1. Introduction 


In 1999, Molodtsov [30] developed the concept of a soft set to handle difficult problems in 
economics, engineering, and the environment, where no mathematical methods could effec- 
tively deal with the many types of uncertainty. Maji et al. in [25] developed various operators 
for soft set theory and conducted a more detailed theoretical analysis of soft set theory. Vari- 
ous operations analogous to union, intersection, complement, difference etc. in set theory have 
been discussed in the context of soft sets (see [5,6,10,46]). 

It is known that Topology is a branch of mathematics that has numerous applications in the 
physical and computer sciences. Topology is the study of qualitative properties of particular 
objects, known as topological spaces, that are invariant under specific transformations, known 
as continuous mappings. Open sets are commonly used to describe these characteristics. By 


replacing open sets with more general ones, the concept of topological space is frequently 


Sagvan Y. Musa, Baravan A. Asaad, Hypersoft Topological Spaces 


Neutrosophic Sets and Systems, Vol. 49, 2022 398 


generalized. A classic example of this form of generalization is fuzzy topology, proposed 
by Chang [12] and later improved by Lowen [24]. Topological structures on soft sets, in a 
similar manner, are more generalized methods that can be used to measure the similarities 
and differences between the objects in a universe which are soft sets. 

There are two versions of soft topology defined on soft sets, one by Shabir [47] and other by 
Cagman et al. [11]. The main difference between these approaches is that the first investigates 
a subcollection of all soft sets in an initial universe with a fixed set of parameters, whereas the 
second considers a subcollection of all soft subsets of a specific soft set in a universe. Based 
on these two definitions on soft topology, some concepts such as soft interior, soft closure, soft 
continuity, soft separation axioms etc. were introduced and studied by many authors (see for 
example [2—4, 7-9, 13-23, 26-29, 33-37, 40, 42-45, 49-54]). 

In 2018, Smarandache [48] expanded the notion of a soft set to a hypersoft set by substituting 


the function with a multi-argument function described in the cartesian product with a different 
set of parameters. This concept is more adaptable than the soft set and more useful when it 
comes to making decisions. Recently, Musa and Asaad ( [31,32]) introduced a new idea of 
hypersoft sets called bipolar hypersoft sets and they investigated some of their bipolar hypersoft 
topological structures. Researchers have been drawn to hypersoft set structure because it is 
better suited to decision-making difficulties than soft set structure. Despite the fact that it 
is a new concept, numerous studies have been conducted, and the field of study continues to 
grow [1, 38,39, 41]. 

Our paper is organized as follows: Section 2 contains some basic definitions related to 
hypersoft set which are required in our work. In section 3, we introduce hypersoft topological 
spaces which are defined over an initial universe with a fixed set of parameters and investigate 
the concepts of hypersoft neighborhood and hypersoft limit points. In section 4, the notions of 
hypersoft closure, hypersoft interior, hypersoft exterior, and hypersoft boundary are introduced 
associated with some of their properties. Furthermore, the relationships between all of the 
preceding concepts are studied, as well as several illustrated examples. The conclusion, on the 


other hand, is included in Section 5. 


2. Hypersoft Sets 


Here we recall some basic terminologies and results regarding hypersoft sets. For more 
details, the reader could refer to [39,41]. 

Throughout the paper, let WU be an initial universe, P(U) the power set of U, and 
Fi, E>,..., Ey, the pairwise of disjoint sets of parameters. Let A;, B; C E; for i = 1,2,...,n. 


Definition 2.1. [48] A pair (F', A, x Ag x ... x An) is called a hypersoft set over U, where 
F is a mapping given by F’: A, x Ag x... xX An > P(U). 
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Simply, we write the symbol € for Ey, x Ey x... x Ey, and for the subsets of £ : the symbols 
A for A, x Ag x... X An, and B for By x Bo x... x Bn. Clearly, each element in 4,B and & 
is an n-tuple element. 


We can represent a hypersoft set (IF',.4) as an ordered pair, 


(F, A) = {(a, F(a)): a€ A}. 


Definition 2.2. [39] For two hypersoft sets (F',4) and (G,B) over a common universe U, 
we say that (F’, A) is a hypersoft subset of (G, B) if 

(1) 4 CB, and 

(2) F(a) C G(q) for alla € A. 
We write (F,.A) C (G, 8B). 


(IF, A) is said to be a hypersoft superset of (G, B), if (G, B) is a hypersoft subset of (F, A). 
We denote it by (F,.4) 5 (G,8). 


Definition 2.3. [39] Two hypersoft sets (F,A) and (G,B) over a common universe U are 
said to be hypersoft equal if (F’,A) is a hypersoft subset of (G,B) and (G, B) is a hypersoft 
subset of (F', 4). 


Definition 2.4. [39] Let 4 = {a1,a2,...,Q@,} be a set of parameters. The NOT set of A 
denoted by —4 is defined by ~A = {7a}, 702, ...,7An} where 7a; = not a; for i = 1,2,...,n. 


Proposition 2.5. /31] For any subsets A,B C E. 
(1) (0A) =A. 
2QAAU Bs) =a2 ae; 
(3) 7A(AN B) =7AN 7B. 


Definition 2.6. [39] The complement of a hypersoft set (F’,A) is denoted by (F’, A)° and is 
defined by (F’, A)° = (F'°, A) where F° : A + P(U) is a mapping given by F°(a) = U \ F(a) 
foralaeA. 


Definition 2.7. [41] A hypersoft set (F',.4) over U is said to be a relative null hypersoft set, 
denoted by (®, A), if for all a € A, F(a) = ¢. 


Definition 2.8. [41] A hypersoft set (IF,A) over U is said to be a relative whole hypersoft 
set, denoted by (WV, A), if for alla € A, F(a) = U. 


Definition 2.9. [41] Difference of two hypersoft sets (F',4) and (G,B) over a common 
universe U, is a hypersoft set (H,C), where C = 47 Band for alla € C, H(a) = F(a)\G(a). 
We write (F,A) \ (G,B) = (H,C). 
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Definition 2.10. [41] Union of two hypersoft sets (IF, 4) and (G, B) over a common universe 
U, is a hypersoft set (H,C), where C = 4M 8 and for all a € C, H(a) = F(a) U G(a). We 
write (F,A) U (G,8) = (H,C). 

Definition 2.11. [39] Intersection of two hypersoft sets (F',A) and (G,B) over a common 


universe U, is a hypersoft set (H,C), where C = 4N8 and for alla € C, H(a) = F(a)NG(a). 
We write (IF, A) (G,B) = (H,C). 


3. Hypersoft Topological Spaces 
Let U be an initial universe set and £ be the non-empty set of parameters. 


Definition 3.1. Let (IF, £) bea hypersoft set over U and u € U. Then u € (F, £) ifu € F(a) 
for alla € €. Note that for any u € U, u ¢ (F,€), if u ¢ F(a) for some a € €. 


Definition 3.2. Let Y be a non-empty subset of U. Then (Y,£) denotes the hypersoft set 
over U defined by TY(a) = Y for alla c E. 


Definition 3.3. Let (F, £) bea hypersoft set over U and Y be a non-empty subset of U. Then 
the sub hypersoft set of UF,£) over Y denoted by (Fy, €), is defined as Fy(a) = YN F(a) 
for each a € E. 
In other words (Fy, £) = (Y,£) A (IF, €£). 

Definition 3.4. Let Ty, be the collection of hypersoft sets over U, then J, is said to be a 
hypersoft topology on U if 

(1) (®, £), (V, E) belong to Ty, 

( 


2) the intersection of any two hypersoft sets in J, belongs to Tz, 
(3) the union of any number of hypersoft sets in Zz belongs to Ty. 


Then (U, Z,, £) is called a hypersoft topological space over U. 


Definition 3.5. Let (U,Z%,,£) be a hypersoft space over U, then the members of J, are 
said to be hypersoft open sets in U. 


Example 3.6. Let U = {hi, ho}, Ey = {e1, e2}, E» = {es}, and Ex = {eq}. Let. Ty = 
{(®, E), (UW, £), (Fi, £), (Fo, E), (Fs, £)} where (Fi, £), (F2,£), and (Fs, £) are hypersoft 


sets over U, defined as follows 


(Fi, £) = {((e1, 3, e4), {hi f), ((e2, e3, ea), {hat) f- 
(Po, E) = {((e1, €3, e4), {hi}), ((e2, €3, e4), U}. 
(Fs, E) = {(ai; €3, e4), U), ((e2, €3, €4), {h2})}- 


Then the collection J, forms a hypersoft topology on U. 
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Definition 3.7. Let (U,Z,,£) be a hypersoft space over U. A hypersoft set (F',£) over U 
is said to be a hypersoft closed set in U, if its complement (F', £)° belongs to Ty. 


Proposition 3.8. Let (U,Zy,4,£) be a hypersoft space over U. Then 
(1) (®, £), (UW, £) are hypersoft closed set over U, 
(2) the union of any two hypersoft closed sets is a hypersoft closed set over U, 


(3) the intersection of any number of hypersoft closed sets is a hypersoft closed set over U. 
Proof. Follows from the definition of hypersoft topological spaces and De Morgan’s laws. 


Definition 3.9. Let U be an initial universe, £ be the set of parameters, and Ty = 
{(®, £), (WV, £)}. Then J is called the hypersoft indiscrete topology on U and (U, Jy, £) is 


said to be a hypersoft indiscrete space over U. 


Definition 3.10. Let U be an initial universe, £ be the set of parameters, and Jz, be the 
collection of all hypersoft sets which can be defined over U. Then Jis called the hypersoft 
discrete topology on U and (U, Jy, £) is said to be a hypersoft discrete space over U. 


Definition 3.11. Let (U, Z,,,£) and (U, Zy,,£) be two hypersoft topological spaces over 
U. If Ty, € Ty, then Ly, is said to be finer than T,. If Gy, © Ty, or Ty, EC T,, then 


Ty, and Jy, are said to be comparable hypersoft topologies over U. 


Proposition 3.12. Let (U, Z,,,£) and (U, Zy,, E) be two hypersoft topological spaces on U, 
then (U, Ty, Ty.,£) is a hypersoft topological space over U. 


Proof. 

i. (©, £), (UV, £) belong to Fy, 1 Fy. 

ii. Let (F,,£), (Fo, £) € Fy, 7 Ty. Then (Fi, £), (Fo, £) € Fy, and (Fi, £), (Fo, £) 
€ Ty. Since (F,,£) 7 (Fo,£) € Fy, and (Fi, £) M (Fo,£) € Ty, so (Fi, £) 7 
(F2,£) € Ty, 7 Typ. 

iii. Let {(F;,£) | i € I)} be a family of hypersoft sets in Ty, M Fy. Then (F;,£) € 
T,, and (F;,£) € Ty,, for all i € I, so Ujer (Fi, £) € Fy, and Uies (F;,£) € Ty. 
Therefore, Uier(Fi, £) € Tu, 1 Fy. 

Thus Ty, T%,, defines a hypersoft topology on U and (U, Fy, Ty,,£) is a hypersoft 


topological space over U. 


Remark 3.13. The union of two hypersoft topologies on WU may not be a hypersoft topology 
on U. 


Example 3.14. Let U = {hi, ho, hs, ha}, Fy = {e1, eo}, FE» => {es}, and E3 = {eq}. Let Tu, 
= {(®, 'E)), (YW, Ds (Fi, E), (Fo, fe; (Fs, E)t and Try = {(®, Ey (Y, EF); (Gi, iL): (Go, E), 
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(Gs, £)} be two hypersoft topologies defined on U where (F), £), (F2,£), (F3,£), (Gi, £), 
(Ge, £), and (G3, £) are hypersoft sets over U, defined as follows 


(Fi, E) = Tet, €3, e4), {hs, ha}), ((e2, €3, e4), {ha, hs})}- 
(Fo, BS = {((e1, €3, €4), {hi, ha, h3}), ((e2, €3, €4), thi, ha})}. 
(Fs, E) = {((e1, €3, e4), {h3}), ((e2, €35 €4), )}- 


and 
(Gi, £) = {((e1, e3, e4), (hs, Raf), ((e2, es, €4), (hi, hs, haf) }- 
(Go, £) = {((e1, e3, e4), {h1, ha}), ((e2, €3, €4), (ha, ha})}. 
(Gs, E) - {((e1, €3, €4), >), ((e2, €3, €4), {ha}}. 


Then Ty, U Ty, = {(®, £), (Y,£), Fi, £), (Fo, £), (Fs, £),(Gi, £), (G2, £), (Gs, £)}. 
If we take 
(F,£) OU (Gi, £) = (H, €), 
then 
(HH, £) = {((e1,e3, ea), {hs, hat), ((e2, 3, €4), U)}, 
but (H, £) ¢ Ty, Ty. Hence, Fy, U Ty, is not a hypersoft topology on U. 


Definition 3.15. Let (U, Zy,£) be a hypersoft space over U, (F',£) be a hypersoft set over 
Uu and u € U. Then (F,£) is said to be a hypersoft neighborhood of wu if there exists a 
hypersoft open set (G,£) such that u € (G,£) C (F,£). 


Proposition 3.16. Let (U,Z,,£) be a hypersoft space over U, then 
(1) If UF, £) is a hypersoft neighborhood of u € U, then u € (F,£). 
(2) Eachu € U has a hypersoft neighborhood. 
(3) If IF, £) and (G, €) are hypersoft neighborhoods of some u € U, then (IF, £) 1 (G, £) 
is also a hypersoft neighborhood of u. 
(4) If UF,£) is a hypersoft neighborhood of u € U and (F, €) c (G,£), then (G,£) is 


also a hypersoft neighborhood of u € U. 


Proof. 


(1) Follows from Definition 3.15. 

(2) For any u € U, u € (W,£) and since (U,£) € Ty, sou € (W,£) C (W,£). Thus 
(W, £) is a hypersoft neighborhood of w. 

(3) Let (F,£) and (G,£) be the hypersoft neighborhoods of u € U, then there exist 
(F,,£) and (F2,£) € Fy such that u € (F,,£) € (F,£) and u € (Fo, £) EC (G,£). 
Now u € (F,,£) and u € (F2, £) implies that u € (F,,£) M (Fo, £) and (F,,£) 

(Fo, £) € Ty. So we have u € (Fi, £) Mi (Fo, £) EC (F,£) 7 (G,£). Thus, (F,£) A 

(G, E) is a hypersoft neighborhood of u. 
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(4) Let (FF, £) be a hypersoft neighborhood of u € U and (F, £) E (G,£). By definition, 


there exists a hypersoft open set (F,,£) such that u € (F,,£) € (F,£) € (G,€). 
Thus, u € (F,,£) C (G,£). Hence, (G, £) is a hypersoft neighborhood of wu. 


Proposition 3.17. Let (U,Z,,£) be a hypersoft space over U. For any hypersoft open set 
(F,£) over U, (F,£) is a hypersoft neighborhood of each point of Nace F(a), that is, of each 


of its points. 


Proof. Let (F,£) € Zy. For any u € Nace F(a) , we have u € F(a) for each a € E. 
Thus u € (F,£) EC (F,€) and so (F, €) is a hypersoft neighborhood of u. 


Remark 3.18. The following example shows that the converse of Proposition 3.17 is not true 


in general. 


Example 3.19. Consider Z,, given in Example 3.14 and let (F7,£) be any hypersoft set 
defined as follows: 

(F, £) = {((e1, e3, ea), {h1, hs, ha}), ((e2, €3, €4), (ho, Ra})}- 
Then (F',£) is a hypersoft neighborhood of each point of Nac¢ F(a) , that is, of each of its 


points, but it is not a hypersoft open set. 


Definition 3.20. Let (U, Z,,£) be a hypersoft space over U and let (F',£) be a hypersoft 
set over U. A point u € U is called a hypersoft limit point of (IF, £) if (F,£) 9 ((G, £) \ {u}) 
# (®, E) for every hypersoft open set (G, £) containing u. The set of all hypersoft limit points 
of (F,£) is denoted by (F,£)¢. 


Proposition 3.21. Let (U,T,,£) be a hypersoft space over U and let (F'\,£), (F2,£) be 
two hypersoft sets over U. Then 


(1) (Fi, £) E (F2,£) implies (F,,£)* C (Fo, £)¢. 
(2) (UF, £) Ai (Fa, £))4 € (Fi, £)4 FF 


(3) (Fi, £) 0 UF, £)) = (Fi, £)4 0 


Proof. 


(1) Let wu € (F1,£)* so that u is a hypersoft limit point of (F,,£). Then, by definition 
(F,,£) 7 ((G, £) \ fut) 4 (®, £) for every hypersoft open set (G,£) containing u. 
But (F,,£) € (Fo, £), it follows that (F2,£) 7 ((G,£) \ {u}) 4 (®,£). Thus, u € 
(F2,£)*. Therefore, (F,,£)* € (Fo, £)*. 

(2) Since (F,,£)M (F2,£) C (Fi, €) and (F,, €) 7 (Fo, £) E (Fo, €). It follows from (1) 


that, ((F,,£) M (Fo, £))* C (Fy, £)* and ((F,, £) 7 (Fo, £))* C (Fo, £)*. Hence, 
(Fi, £) 1 (Fe, £))* C (F,,£)* A (Fs, £)4. 
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(3) Since (F1,£) € (Fi, £) 0 (Fo, €) and (Fo, £) € (F1,£) 0 (Fo, £). By (1) we have 
O (F2,£))¢. So, (F,,£)4 O 


(F,,£)* E (Fi, E) ol (Fo, E))4 and (F 2, Et E ((F\, £) | 
(F2,£))4. Now, let u € ((Fy, £) O (Fo, £))*. Then, ((F1, £) 


(Fo, pe Cc (Fi, E) 
\ {u}) 4 (®, £) for every hypersoft open set (G,£) containing 


UO (F2,£)) 7 ((G,£ 
u. Therefore, (F1,£)M ((G, £) \ {u}) 4 (®, €) or (Fo, E) 7 ((G, £) \ {u}) ¥ (®, €). 
Thus, u € (IF, £)¢ or u € (Fo, £)4 and then u € (F,,£)4 O (Fo, £)*. Therefore, 
((F,,£) 0 (F2,£))* € (F,,£)4 0 (Fo, £)*. Now, we have ((F\,£) 0 (F2,£))* = 
(F1,£)? 0 (Fo, £)¢. 


YS 


Remark 3.22. The following example shows that the equality in Proposition 3.21 (2) does 


not hold in general. 


Example 3.23. Let us consider the hypersoft topological space (U, T,,,£) in Example 3.14 
and let (F',£) and (G,£) are hypersoft sets defined as follows: 


(F, E) = {((e1, €3, €4), >), ((e2, e3, €4), {ha})}- 
(G, E) = 1 (eis €3, e4), {h2}), ((ea, €3, e4), {hs}. 


Then (F,£)¢ 1 (G,£)4 = {hy}. But, (F,£) A (G, €) = (®, €) and ((F,£) 7 (G,£))4 = 
(®, £)* = ¢. Hence, ((Fi,£) A (F2, £))* # (Fi, £)* Fi (Fo, £). 
Definition 3.24. Let (U,Z,,£) be a hypersoft space over U and Y be a non-empty subset 
of U. Then 

Tuy = {(Fy, £) | (F,£) & Th 
is said to be the relative hypersoft topology on Y and (%, Dy: E) is called a hypersoft subspace 
of (a. Tr, E) 


It is easy to verify that Ty, is a hypersoft topology on 9. 


Example 3.25. Any hypersoft subspace of a hypersoft indiscrete topological space is a hy- 


persoft indiscrete topological space. 


Example 3.26. Any hypersoft subspace of a hypersoft discrete topological space is a hypersoft 


discrete topological space. 


Proposition 3.27. Let (%, Diy £) be a hypersoft subspace of a hypersoft topological space 
(U, Iy,£) and (Fy,£) be a hypersoft open set in Y. If (Y,£) € Ly then (Fy,£) € Ty. 


Proof. Let (Fy,£) be a hypersoft open set in Y, then there exists a hypersoft open set 
(F,£) in U such that (Fy, £) = (Y,£) 7 (F,£). Now, if (Y, £) € Jy then (Y, £) M (F, £) 
€ Ty. Hence, (Fy, £) € Ly. 
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Proposition 3.28. Let (Y, Ty, £) and (Z,Zy,,£) be two hypersoft subspaces of (U, Tx, E) 
and let Y © Z. Then (Y, Zuy,£) is a hypersoft subspace of (2, Zy,,£). 


Proof. Let (Fy,£) be a hypersoft open set in VY, then there exists a hypersoft open 
set (F,£) in U such that (Fy,£) = (Y,£)  (F,£), or equivalently, for each a € £, 
Fy(a) =YN F(a). Since Y C Zthen Y = YA Z. Now, Fy(a) = YN F(a) = (¥ Ai Z) 


nN F(a) =¥N(ZN Fla)) = ¥N Fz(a) so we have Fy(a) = YN Fz(a), or equivalently, 
(Fy, £) = (T, €) M (Fz, £) where (Fz, £) is a hypersoft open set in Z. Hence, (9, Digs) 
is a hypersoft subspace of (2, Zy,, £). 


4. Hypersoft Closure, Hypersoft Interior, Hypersoft Exterior, and Hypersoft 
Boundary 


Definition 4.1. Let (U,%,,£) be a hypersoft space and (F',£) be a hypersoft set over U. 
The intersection of all hypersoft closed supersets of (F',£) is called the hypersoft closure of 


(F', £) and is denoted by (F, €). 


In other words, (F,£) = {(G,£) | (G, £)° € Ty, (G, £) 3 (F, £)}. 


Proposition 4.2. Let (U,Zy,1,£) be a hypersoft space and (F',£) be a hypersoft set over U. 
Then 


(1) (F,£) is the smallest hypersoft closed set containing (F,€). 


(2) (UF, £) is a hypersoft closed set if and only if (F,£) = (F,€). 


Proof. 


(1) Follows from Definition 4.1. 
(2) Let (IF, £) be a hypersoft closed set. So, (F', £) itself is the smallest hypersoft closed 


set over U containing (F,£) and hence (F',£) = (F,£). Conversely, suppose that 


(F,£) = (F,£). By (1.) (F,€£) is a hypersoft closed, so (F', £) is also a hypersoft 


closed set over U 


Proposition 4.3. Let (U,Zy,£) be a hypersoft space over U and let (Fi, £), (F2,£) be two 
hypersoft sets over U. Then 


(1) (®, £) = (©, £) and (VW, £) = (UV, E) 

(2) (Fi, £) © (Fi, £) 

(3) (F,,£) © (Fo, E) implies (Fi, £) C (Fo, €) 
(4) (Fi, £)O(F2, £)) = (Fi, £) 0 (Ps, ) 

(5) (UF, E)N(F2, £)) © (Fi, £) 0 (Fs, €). 


(6) (Fi, £) = (Fi, €). 
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Proof. 
(1) Since (®, £) and (WV, £) are hypersoft closed sets, then by Proposition 4.2 (2), we have 
(®, £) = (®, €) and (W, £) = (W, £). 
(2) By Proposition 4.2 (1), (F,, £) is the smallest hypersoft closed set containing (F,, £) 
and so (F,,£) € (F,, €). 
(3) By (2.), (Fo, £) C (Fy, €). Since (FF, £) € (Fz, £), we have (F,,£) € (Fz, £). But 


(Fo, £) is a hypersoft closed set. Thus, (F2,£) is a hypersoft closed set containing 
(F,,£). Since (F,,£) is the smallest hypersoft closed set over U containing (F;, €), 
so we have (F,,£) C (Fo, £). 

Since (F,,£) € (F,,£) O (Fo,£) and (F2,£) € (F,,£) 0 (F2,£). By (3.), we 
have (F,,£) € ((F,,£)U(Fo, £)) and (F2,£) € ((Fi, £)U(F2, £)). Hence, (F,, £) 
O (F2,£) € ((F,, £)U(F2, £)). Now, since (F;,£) and (F2,€) are hypersoft closed 
sets, (F,, £) U (Fo, £) is also hypersoft closed. Also, (F,,£) € (Fi, £) and (F2,£) € 
(F2, €) implies that (F,,£) 0 (F2,£) € (Fi, €) 0 (Fy, £). Thus, (Fi, £) 0 (Fy, €) 
is a hypersoft closed containing (F,,£) U (IF2,£). Since ((Fi,£)U(F2,£)) is the 


“~~ 
ys 
wa 


smallest hypersoft closed set containing (IF,,#) U (2, £), we have ((F,, £)U(F2, £)) 

C (F,, £) 0 (Fy, €). Hence, (Fi, £)U(Fo, £)) = (Fi, ae (F'2, E) 

(5) Since (Fi,£) A (Fo,£) € (Fi,£) and (Fi,£) A (Fo,£) € (Fo,£), then 
(JF,,£)NUF2,£)) C (F,,£) and ((Fi,£)AUF2,£)) C (Fy, €). Therefore, 
(Fi, £)N(F2, £)) € (Fi, £) Fi (Po, €). 

(6) Since (F, £) is a hypersoft closed set, therefore by Proposition 4.2 (2), we have (IF, £) 
= (Fi, £). 


Remark 4.4. The following example shows that the equality does not hold in Proposition 4.3 
(5). 


Example 4.5. Let us consider the hypersoft topological space (U, Zy1,,£) in Example 3.14 
and let (F,£), (G,£) in Example 3.23. Then 


) = (Fi, £)° and (G, £) = (F3, £)° and (F, £) M (G,£) = (Fi, £)°. Now, (F,£) 7 
) = (6, €) and ((F, £)M(G, £)) = (®, £) = (®, £). Hence, ((F, £)N(G, £)) ¥ (F, E) 


Definition 4.6. Let (U, Z,,£) be a hypersoft space over U , (F', £) be a hypersoft set over 
Uu and u € U. Then u is said to be a hypersoft interior point of (F',£) if there exists a 
hypersoft open set (G,£) such that u € (G,£) C (F,£). 


Definition 4.7. Let (U, Z,,£) be a hypersoft space over U. Then hypersoft interior of hy- 
persoft set (F',£) over U is denoted by (F',£)° and is defined as the union of all hypersoft 
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open set contained in (F’, €). 


In other words, (F,£)° = 0 {(G,£) | (G,£) € T, (G,£) E (F, €)}. 


Proposition 4.8. Let (U,Zy4,£) be a hypersoft space and let (F,£) be a hypersoft set over 
u. Then 

(1) (F,£)° is the largest hypersoft open set contained in (F, €). 

(2) (F,£) is a hypersoft open set if and only if (F,£) = (F,€£)°. 


Proof. 

(1) Follows from Definition 4.7. 

(2) Let (F, £) be a hypersoft open set. Then (F',£) is surely identical with the largest 
hypersoft open subset of (F,£). But by (1.), (F,£)° is the largest hypersoft open 
subset of (F', £). Hence, (F, £) = (F, £)°. Conversely, let (F,£) = (F,£)°. By (1.), 
(F’, £)° is a hypersoft open set and therefore (IF, £) is also hypersoft open set. 


Proposition 4.9. Let (U,Zy,4,£) be a hypersoft space over U and let (Fi, £), (F2,£) be two 
hypersoft sets over U. Then 
(1) (®, £)? = (®, £) and (VW, £)° = (V,£). 
(2) (Fi, £)° E (Fi, £). 
( ) C (Fo, £) implies (F\,£)° C (Fo, £)?. 
(4) (Fi, £)° 1 (Fa, £)? = (Fi, £) 0 (Fe, €))’. 
( ) 
( 


(5) (F,,£)° 0 (Fo, £)? € (Fi, €) O 


Proof. 

(1) Since (®, £) and (W, £) are hypersoft open sets, then by Proposition 4.8 (2), we have 
(Doe) = (0.2) and Oh ee =e). 

(2) Let u € (Fi, £)° then wu is a hypersoft interior point of (F,,£). This implies that 
(F,,£) is a hypersoft neighborhood of u. Then u € (F,,£). Hence, (F,,£)° € 
(Fi, €). 

(3) Let u € (Fi, £)°. Then wu is a hypersoft interior point of (F1,£) and so (Fi, £) is a 
hypersoft neighborhood of u. Since (F1,£) C (F2,£), (F2,£) is also is a hypersoft 
neighborhood of u. This implies that u € (IF, £)°. Thus, (IF,,£)° € (F2, £)°. 

(4) Since (F,,£) A (Fo, £) € (FF, €) and (F,,£) M (F2,£) € (Fo, €), we have by (3.), 
((F1,£) 7 (Fo, £))? € (Fy, £)? and ((Fy,£) 9 (Fo, £))° E (F2,£)°’. This implies 
that ((F,,£) 7 (Fo, £))° C (F,,£)° Mi (Fo, £)’. Again let u € (Fi, £)° 7 (Fo, £)°. 


ITT 


Then u € (F),£)° and u € (F2,£)°. Hence wu is a hypersoft interior point of each of the 
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hypersoft sets (F,,£) and (F2,£). It follows that (F\,£) and (F2,£) are hypersoft 

neighborhoods of u so that their intersection (IF,£) M (2, £) is also is a hypersoft 

(F2,£))°. Thus, (F,,£)° 1M (F2,£)° € 
((F,,£) 7 (F2,£))’. Therefore, (Fy, £)° 7 (Fo, £)? = ((F1, £) 7 (Fe, £))° 

(5) By (3.), (F1,£) © (Fi,&) 0 (F2,£) implies (F;,£)? € ((Fi,£) 0 (F2,£))° and 
(Fo, £) C (F,, £) O (Fo, €) implies (Fp, £)° CE ((Fy, £) O (Fa, £))’. Hence, (F1, £)° 
Ci (Fo, £)? © (Fi, £) O (F2, £))”. 

(6) By Proposition 4.8 (1), (Fi, £)° is the hypersoft open set. Hence by (2.) of the same 
proposition ((F1,£)°)° = (Fi, £)°. 


neighborhood of u. Hence, u € ((F1, £) 


Remark 4.10. The following example shows that the equality does not hold in Proposition 4.9 


(5). 


Example 4.11. Let us consider the hypersoft topological space (U, J,,,£) in Example 3.14 
and let (F,£) and (G,£) are hypersoft sets defined as follows: 


(F, E) = {((e1, €3, €4), {1, hg, ha}), ((e2, €3, €4), {ha, h3})}- 
(G, E) = {((e1, €3, €4), U), ((e1, €3, €4), {hi, ha})}- 
Then (F,£)° = (F,,£) and (G,£)° = (F,£) and (F,£)° U (G,£)°? = (Fs, £). Now, 


(F,£) 0 (G,£) = @ ,£) and ((F,£) U (G,£))° = (W,£)° = (UW, £). Hence, ((F,£) 0 
(G,£))° # (F,£)? 0 (G,£)*. 


Proposition 4.12. Let (U,Z,,£) be a hypersoft space over U and let (F',£) be a hypersoft 
set over U. Then (F,£)? C (F,£) EC (F,€). 


Proof. Follows from Proposition 4.3 (2) and Proposition 4.9 (2). 


Proposition 4.13. Let (U,T,,£) be a hypersoft space over U and let (F'\,£), (F2,£) be 
two hypersoft sets over U. Then 


(1) (hy B))* = (ewe). 
(2) (Fi, £)°)° = (i, £)*). 
(3) (a3) = (((Fi, £)*)")*. 

(Fi, £)° = ((i, £)°)) 
(5) (Fi, £) \ (F2,£))° © (Fi, £)° \ (Fe, £)?. 


Proof. From the definitions of hypersoft closure and hypersoft interior, we have 
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(1) (Fi, £) = {(G, £) | (G,£)° € Ty, (G,£) A Fi, B)}. 
(Fi, £))° = [Fl {(G, £) | (G, £)° € MH, (G, £) A (Fi, BHI. 
(Fi, £))* = 0 {(G, £)° | (G, £)° € GH, (G,£)° C (Fi, £)°} = (Fi, £)°)’. 
(2) (Fi, £)° =O {(G,£) | (G,£) € M, (G,£) C (Fi, £)}. 
(Fi, £)°)° = [0 {(G, £) | (G,£) € TG, (G, £) € (F, £)}*. 
(Fi, £)°)* =7 {(G,£)° | (G, £) € TH, (Fi, £)° E (G, £)*} = (Fi, £)°). 
(3) Obtained from (1.) by taking the hypersoft complement. 
(4) Obtained from (2.) by taking the hypersoft complement. 
(5) (Fi, £) \ (Fo, €))* = (i, £) 1 (Fa, £)°)? = (Fi, £)? 9 (Fe, £))? = (Fi, £)? 9 
(Fa, £))° = (Fi, £)? \ (Fe, E) E (Fi, £)? \ (Fe, £)’. 


Definition 4.14. Let (U, Z,,£) be a hypersoft space over U and let (F',£) be a hypersoft 
set over U. A point u € U is said to be a hypersoft exterior point of (F’, £) if and only if it 
is a hypersoft interior point of (F’, £)°, that is, if and only if there exists a hypersoft open set 
(G,£) such that u € (G,£) C (F,£)°. The set of all hypersoft exterior points of (F,£) is 
called the hypersoft exterior of (F',£) and is denoted by (F, £)°. 


Thus (F, £)° = ((F, £)°)*. It follows that ((F, £)°)* = (((F, £)°)°)? = (F, £)°. 


We also have (F,£)  (F,£)* = (®,£), that is, no point of (F,£) can be a hypersoft 
exterior point of (F,£). 


Example 4.15. Let (U, Z,, £) be the same as in Example 3.6. Let (F',£) be a hypersoft set 


defined as follows: 


(F, E) r=. {((e1, €3, e4), {h2}), ((e2, €3, e4), {hi})}- 


Then (F, £)° oa {((e1, e3, e4), {hi }), ((€2, €3, €4), {ho})}. 


Remark 4.16. Since (F’, £)° is the hypersoft interior of (F', £)°, it follows that (F', £)° is the 
hypersoft open and is the largest hypersoft open set contained in (F', £)°. 


Proposition 4.17. Let (U,F,,£) be a hypersoft space and let (F',£) be a hypersoft set over 
Uu. Then 


(F,£)*¢ = 0 {(G,£) | (G,£) € MT, (G,£) C (F, £)*}. 


Proof. From the definitions of hypersoft interior and hypersoft exterior, we have 
(F, £)*)? = 01 {(G, €) | (G,£) € TH, (G, £) C (F, £)*} = (F, £)’. 


Proposition 4.18. Let (U,T,,£) be a hypersoft space over U and let (F'\,£), (F2,£) be 
two hypersoft sets over U. Then 
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(1) (UW, £)* = (®,£) and (®, £)* = (UW, £). 

C (Fi, £)°. 
° = (Fi, £)’)). 
C (Fo, £) implies (F2,£)¢ € (F1,£). 
F,,£)° € (Fi, £)*)*. 
U (Fo, £))* = (Fi, £)° 
F\,£) M (F2,£))* 3 


s 
ai 
a 
n 


Proof. 
(1) (U, £)° = (Y, E)°)° = 
(®, £)* = ((®, £)")° = 
(2) By definition, (F1,£)° = os £)°)° and by Proposition 4.9 (2), we have ((F1, £)°)? 
C (F,,£)°. Hence, (Fi, £)° € (Fi, £)°. 
(3) (CPi, £)’)°)* = (Fi, £))°)°)? = (Fi, £))°))")? = (Fi, £)°)°)? = (CF, £)°)? 


= (Fi, £)’. 

(4) (F,,£) € (F2,£) then (F2,£)° E (IF, £)°. Implies that ((F2,£)°)° E ((F1, £)°)°. 
So, (F2,£)¢ £ (Fi, £)¢. 

(5) By (2.), we have (F,, £)° E (F\,£)°. Then (4.) gives ((F1, £)°)* E ((F\, £)*)*. But 
(F,,£)° = ((F,, £)°)*. Hence (F,, £)° € ((F1, £)*)¢. 

(6) (Ui, £) U (Fe, £))* = (Fi, €) U (Pe, £))°)? = (Fi, £)° 7) (Pe, £)*°)? = (Fi, £)°)? 
M ((F2, £)°)° = (Fy, £)* 1 (Fa, £)*. 

(7) (Fi, £) 0 (F2, £))* = (Fi, £) Fi (2, £))*)? = (Fi, £)° O (a, £)°)? 3 (Fi, £)°)” 
(i (Fo, £)°)° = (Fis B)* 0 hy Es 


Definition 4.19. Let (U,%,,£) be a hypersoft space over U, then hypersoft boundary of 
hypersoft set (F,£) over U is denoted by (F,£)* and is defined as (F,£)° = (F,£) A 
CF, E)¢. 


Example 4.20. Let (U,T%,£) and (IF, £) be the same as in Example 4.15, then (F,£) = 
(F, £). 


Remark 4.21. From Definition 4.19 it follows that the hypersoft sets (F,£) and (F,£)° 


have the same hypersoft boundary. 


Proposition 4.22. Let (U,Zy4,£) be a hypersoft space and let (F',£) be a hypersoft set over 
U. Then 
(1) (F,£)° C (F,E 
(2) (F,£)° = (F,E£) \ FE)’. 
(3) (UF, £)*)° = (F, £)? 0 (F, £)*. 
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(4) (F,£)° = (F,£) \ (P,£)’. 

(5) (F,£)°)? C (F,£)*. 

(6) (F, £))* © (F,£)*. 

Proof. 

(1) By definition, (F, z) — (F,£) NM ((F,€£)°). Hence, (F,£)° € (F, €). 

(2) (F,£)° = (FE) fi ae = (F,£)M ((F,£)°)° = (F,£) \ (F, £)° 

(3) (UF, £)*)° = ((F, £) 7 (F, £))° = (F, £))° 0 (F, £)°)° = ((F, £)°)° 0 , £)° = 
CELE)? UP ee 

(4) (F,£)\ (F,£)? = (F,£) 9 ((F, £)*)* = (F, £) 9 ((F, £)? 0 (F, £)) = (F,£) 91 
(F,£)°) 0 ((F,£) 9 (F,£)’) = (F,£)° U (@, €) = (F,£)? 

(5) (F, £)?)? = (F, £)° 1 (F, £)°)° = (F, £)° 9 (F, E)° € (F, E) A (FP, Ee = (F, £)*. 

(6) (Ff, £))? = (F, £) fi (F, £))° € (F, €) AF, £)° = (F, £)? 

Proposition 4.23. Let (U,T,,£) be a hypersoft space over U and let (F'\,£), (F2,£) be 


two hypersoft sets over U. Then 
(1) ((Fi, £) G (Fa, £))* © (Fi, £)? O (2, £)? 
(2) (Fi, £) 0 (F2, £))* € (Fi, £)* 0 (2, £)? 
Proof. 
(1) (Fi, £)OF2, £))* = [UFi, 2)U(P2, £)/A[(Fi, E)U(F2, £))*] = [WFi, £) O (Pa, £) 
M [UFi, £)en(F2, £)] © (UF, £) 0 (2, £)) 7 [Ui £)¢ A (Fe, £)*] = (CF, £) 9 
(Fi, £)° 1 (F2, £)°)| U (Fa, £) 1 (Fi, £)° 1 (Fe, E)°)] = (Fi, £) 9 (Fi, £)°) 
(F2, £) Oi (Fa, £) 7 (Fe, £)°) 0 (Fi, £)4) © (Fi, £)° 7 2, £)4 0 [(2, £)* 
(F\, £)°] E (F,,£)°o | (Fo, EP ; 
(2) (Fi, £)N(P2, £))? = [(Fi, £)0(Fe, £))A[(Fi, £)A(F2, £))¢] & [Fi £) 7 (Fe, £)] 7 
[((Fi, £)°U(F2, £)°] = (Fi, £) 1 (Fo, £)| 9 [GF Bye us mito 2,£)°] = (tar £) 1 (2, ) 
M (Fi, £)°] O (UF, £) 9 (Fe, £) 1 (Fe, £)*] = (Uh, £) 1 (Fi, £)e yr (F2,£)| 0 
(UF, £) 7 (UF, £) 7 (Fe, £)9] = (Fi, £)' A Fy, £)] O [UR £) 7 (Fe, £)4) € 
(F,,£)° 0 (Fz, £)°. 
Proposition 4.24. Let (F',£) be a hypersoft set of hypersoft space over U. Then the following 
hold. 
(1) BPE) U (EGE)? = (RE), 
(2) (F, £)° Ui (ES 2)* Ui (F, ey = (WU, E) 
Proof. 
(1) (F,£)? 0 (F,£)* = (F, £)° 6 (PF, £) 9 F, £)] = ((F, £)° 0 OF, £)] 9 (UF, £)° 
(F,£)°] = (F,£) 4 [(F,£)° 0 (P, £)°)] = (F,£) 1 , £) = (F,£). 
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(2) By Proposition 4.22 (3), (F,£)? OU (F,£)* = ((F,£)*), then (F,£)° 0 (F,£)¢ 0 
(F,£)° = ((F,£)*)° 0 (FP, £)*) =, £). 
Proposition 4.25. Let (U,Zy4,£) be a hypersoft space and let (F',£) be a hypersoft set over 
U. Then 
(1) (F,£) is a hypersoft open set if and only if (F,£) A (F,£)° = (®,€). 
(2) (F,€) is a hypersoft closed set if and only if (F,£)° C (F,€). 


Proof. 
(1) Let (IF, £) be a hypersoft open set. By Proposition 4.22 (3), (F,£)? E ((F, £)°)¢ 
But (F, £)° = (FF, €) since (F, £) is a hypersoft open set. Hence, (F, £) € ((F, £)*)° 


This implies that (F,£)M (F,£)* = (®,€). 

Conversely, let (F,£) Mi (F,£)° = (®,£). Then (F, £) 9 [(F, £) A (F, £)°] = (®, €) 
or (F, £) 1 (F, £)* = (®, €) or (F, £)¢ EC (F, £)°, which implies (F, £)° is a hypersoft 
closed set and hence (F', £) is a hypersoft open set. 

Let (IF, £) be a hypersoft closed set. By Proposition 4.22 (1), (F,£)* EC (F, £). Since 
(F, £) is a hypersoft closed set, then (F,£) = (F,£). This implies that (F,£)® C 
(F,£). Conversely, let (F,£)° C (F,£). Then (F,£)° A (F,£)° = (,€). Since 
(F,£) = ((F, £)*)°, then we have ((F, £)°)° A (F, £)° = (®, €). By (1), (F, £)° is 
a hypersoft open set and hence (F', £) is a hypersoft closed set. 


— 
iw) 
WN 


Proposition 4.26. let (F,£) be a hypersoft set of a hypersoft space over U. Then (F,£)° 
= (0, €) if and only if (F,£) is a hypersoft open set and a hypersoft closed set. 


Proof. Suppose that (F,£) = (®,£) then (F, £) A (F,£)° = (®, €) implies (F, €) 
(UF, £)°))° = (F,£)°. Since (F,£)? E (F,£) then (F,£) C (F,€) and hence (F, £) = 


(F,£). This implies that (F',£) is a hypersoft closed set. Again, (F,£)° = (®,£) then 


(F,£) fi (F,£)¢ = (®,£) or (F,£) Mi ((F, £)’)* = (®,£) then (F,£) C (F,£)°. This 
implies that (F,£)° = (F,£). Hence (F, £) is a hypersoft open set. 

Conversely, suppose that (F',£) is a hypersoft open set and a hypersoft closed set. Then 
(F,£)* = (F,€£) fi (F, £)° = (F, £) fi ((F, £)°)* = (F, £) fi (F, £)° = (8, G, £). 


Proposition 4.27. Let (U,Zy4,£) be a hypersoft space and let (F',£) be a hypersoft set over 
U. Then 

(1) (F,£)° A (F,£)* = (6, £). 

(2) (F,£)° Fi (F, £)* = (@,€). 


Proof. 
(1) (F,£)° Fi (F, £)* = (F,£)° A (A 2) = ((F,£)° i OB) Fi FB = 
(F,£)° 5 (FE) = (F,£)° fi (PF, £)°)° = (®, £). 
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(2) (F,£)° 0 (F, £)’ = ((F, £)°)° i ((F, £) 9 (F, £)] = ((F, £))° 9 (CF, £) 9 (F, £)] 
= [(F, £))° 1 (F, £)| 1 (F, £)] = (@, £) 0 (F, £)* = @, £). 


5. Conclusions 


In this paper, we have introduced the concept of hypersoft topological spaces which are de- 


fined over an initial universe with a fixed set of parameters. Some concepts such as hypersoft 


closure, hypersoft interior, hypersoft boundary, etc. which are based on our definition were in- 


troduced and studied and some relationships between them were discussed. For future trends, 


we can define the most important fundamental topological properties such as connectedness 


and compactness. Also, we can define hypersoft separation axioms by using ordinary point as 


well as hypersoft point. 
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